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We consider two-level detectors, coupled to a quantum scalar field, moving inside cavities. We 
highlight some pathological resonant effects due to abrupt boundaries, and decide to describe the 
cavity by switching smoothly the interaction by a time-dependent gate-like function. Considering 
uniformly accelerated trajectories, we show that some specific choices of non-adiabatic switching 
have led to hazardous interpretations about the enhancement of the Unruh efi'ect in cavities. More 
specifically, we show that the emission/absorption ratio takes arbitrary high values according to the 
emitted quanta properties and to the transients undergone at the entrance and the exit of the cavity, 
independently of the acceleration. An explicit example is provided where we show that inertial and 
uniformly accelerated world-lines can even lead to the same "pseudo-temperature". In passing, we 
also compute the deviation from the exact thermal response for a finite size cavity. 
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I. INTRODUCTION 

Quantum vacuum effects constitute one of the most im- 
portant classes of effects in quantum field theory. Among 
them, because of the highlight it received from its analogy 
with Hawking black hole radiation[l|, the Unruh effectQ 
possesses a particular status. It states that a linearly 
uniformly accelerating detector with proper acceleration 
a reacts, in the vacuum, as if it was at rest in a thermal 
bath of quanta with temperature ha/2'KckB- Many dis- 
cussions arose and still arise around the validity and 
the experimental feasibility iSj of this issue. In particu- 
lar, whether or not some radiation is emitted is of much 
debate, although the answer has already been clearly 
demonstrated twenty years ago 0,01 and [1]. Throughout 
the literature, the same crucial details are sometimes by- 
passed: radiation emission and other peculiar effects due 
to non-adiabatic switching are often melted to the (de- 
fined as above) Unruh effect, which, because of the uni- 
form character of the acceleration, implies neither switch- 
ing on nor off of the interaction. 

However, this does not mean that such effects are 
irrelevant [4. Isl. lol. [To| . On the one hand, the study of non- 
adiabatic vacuum effects is interesting in itself. On the 
other hand, the framework of the "pure" Unruh effect is 
far too idealistic, so that one should consider some of its 
generalizations. From an experimental angle, switching 
on and off the interaction is unavoidable and its conse- 
quences have to be well understood, in particular with 
respect to the radiation characteristics. 

The aim of this article is to clarify the physics of mov- 
ing detectors in cavities and eventually to correct one 
example of the above mentioned questionable statements 
that have been proposed in the literature. Namely, it 
has been claimed in [ll|, [l^, U^l that, by putting ac- 
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celerated atoms in a single-mode semi-infinite cavity, a 
significant enhancement of the emission/ absorption ra- 
tio occurs: from the thermal Unruh factor g~^'^E/a 
becomes a/2TiE. For accelerations that are small with 
respect to the detector proper frequency but high 
enough to reach experimental scales, the gain in tem- 
perature is claimed to be as high as a hundred orders 
of magnitude. We correct this assertion by pointing out 
that this new value of the emission/absorption ratio is no 
physically linked to the Unruh effect, to wit it is poorly 
correlated to the acceleration and it mainly depends on 
additional unquoted parameters. More precisely, we will 
show that for a uniformly accelerated detector in a cav- 
ity, 1) one only has a pseudo-thermal population since 
the "temperature" strongly depends on the quanta kine- 
matical characteristics (amplitude and direction), and 2) 
the emission/absorption ratio significantly depends on 
the Doppler effect undergone by the detector at the en- 
trance and the exit of the cavity. In other words, the 
origin of this phenomenon lies in transient effects and 
not in steady- state physics. Our conclusion is that, for a 
semi- infinite cavity as treated in [111, , the corre- 

sponding value of the pseudo-temperature associated to 
co-propagating quanta scales as j/r^k, 7 being the de- 
tector Lorentz factor at the entrance of the cavity, Ts the 
switching proper-lapse, and k the quanta wavelength. 

In order to deal with these issues, we recall the usual 
two-level detector model and some useful definitions in 
Section II. Then, in Section HI (as well as in Appendix 
A), we look at non-adiabatic switching for inertial trajec- 
tories as a useful warm-up. This enables us to shed some 
light on the importance of properly defining the interac- 
tion between the detector and the quantum field. Section 
IV presents the results for uniformly accelerated motions 
and introduces a useful and well-adapted switching func- 
tion. The latter allows us to deal with semi-infinite cavity 
specificities in Section V. We conclude in Section VI. Fi- 
nally, in Appendices B and C, we review the intricate 
mathematical properties of the transition amplitudes. 
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II. THE SETTINGS 

We consider a two- level detector (|— ), |+)), defined by 
its energy gap E, that moves along a time-like trajectory 
in 3 -I- 1 Minkowski space-time. This detector is coupled 
to a massless scalar field $: 



$(x) 



dfc 



2(27r)^fc 



-I- ate+*''^''^' 

k 



where al and are the creation and annihilation op- 
erators obeying the usual commutation rules 



and its counterpart A_ j: = ((0|a^(g) (— |) IvE'jp), which 
corresponds to a lowering of the detector level when the 
initial state is |4-), is obtained by replacing E by —E in 
Eq.®. (As we focus on the first order in the perturba- 
tion expansion, we are not interested in amplitudes such 
as ((Oja^rap (8) (— |) for instance.) When using the 

projectors over the subspaces containing one fc— particle, 
) (1) ]P± fc = (4'^) 1=^0 (^=^1 ^^l"fc) ' transition prob- 
abilities to create a quanta k and to raise (lower) the 
detector level naturally involve the previous amplitudes: 



6{k — k'). The interaction is localized along the detec- 
tor trajectory x''(t), where r is the proper-time. For 
matter of simplicity, the coupling is chosen to be linear. 
In order to control its switching on and off, the interac- 
tion Hamiltonian contains an explicitly time dependent 
function /(r): 



Hir)^gf{r) (e'^^+X-l + 



-iEt 



-x+i) nx^irm 



where g is an a-dimensional coupling constant that is as- 
sumed to be small. This constant is chosen such that 
/(r) takes values between and 1. For instance, mim- 
icking a perfect cavity necessitates a sharp finite-time 
interaction, beginning at and ending at r^: fciT) = 
Q{t — '^i)0('^/ — '''); where 6 is the Heaviside function. 

If one assumes that the total system was in its vacuum 
state |0), and that the detector was in its lowest state |— ) 
in the infinite past, then the state of the system at any 
proper-time r is given by: 



/ dr' H{t) 

J — oo 



10, 



(3) 



when T means time-ordering. In general, since one 
controls both the beginning and the end of the inter- 
action through /(r), one can focus on the sole object 
|5'^(r ~ -(-cxd)), while varying the properties of /. For 
simplicity, we will denote this ket in the remainder 

of the paper. In this way, our approach is similar to that 
of a scattering process. 

The physics of such moving detectors depend on two 
degrees of freedom: the choice of the detector's trajec- 
tory x^{t)^ and the time-dependent character of the in- 
teraction /(r). In this article, we will only focus on 
inertial and linearly uniformly accelerated trajectories. 
Moreover, since we want to mimic interaction in cavities, 
we will not consider any fuzzy /(t) but rather gate- like 
switching functions. The basic tools for the description 
of the interaction are the transition amplitudes: the am- 
plitude to create a particle of momentum fc and simulta- 
neously to raise the detector level is 



A^ jiE) ^ ((0|a,,®(+|)|vl/-) 



(4) 
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Similarly, the probability to create a particle of energy |fc| 
(whatever its momentum direction) and to raise (lower) 
the detector level is 

^±.fc=lS|(^) ^ r^d^ rd0sm0P.,. (7) 



Finally, the probability to raise (lower) the detector level 
independently of the particle created is 



P±{E) ^ / 
Jo 



dfc k^ P±,k 



(8) 



The previous objects allow to construct the 
g— independent ratios defined by 



rj:{E)^^^ME)^^,riE)^^ 

— ,k 



(9) 



When steady-state is reached, one assumes that the prin- 
ciple of detailed balance holds [TJl, and the latter ratios 
reflect the repartition between the ground state and the 
excited one's populations: ri+/n_ = As a com- 

mon feature to all trajectories, when the gap E tends to 
zero, then the emission and absorption processes become 
equivalent, their corresponding amplitudes merge, and 
all the previous ratios tend to one if they are mathemati- 
cally well-defined. In addition, the ratios i?— dependence 
may exhibit interesting properties, such as exponential 
decay for uniformly accelerated motions. This will be 
the subject of Sections IV and V. 

Before entering into these details, let us stress the spe- 
cific situation we wish to consider. Here we are interested 
in moving detectors in cavities. We will focus on linear 
motions in the increasing z direction along the z axis. We 
will assume that the cavity respects a cylindrical sym- 
metry around this axis such that the integration over ip 
trivially reduces to a 27r multiplying factor. Finally, 9 is 
the angle between the particle's momentum k and z. 

Moreover, let us be clear about the role of the switching 
function: it is made to mimic a cavity that the detector 
enters at some proper time and leaves at r/. To this 
end, /(r) takes values close to 1 in the interval [■7'i,T/] 
and decreases rapidly to outwards. 
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III. INERTIAL MOTION 

In order to get a better understanding of the uniformly 
accelerated motion physics, we first inspect the outcomes 
of an inertial trajectory. It is usually admitted that in- 
ertial motion does not lead to any particle creation pro- 
cess. However this statement is only true in a steady 
state regime. Indeed, transient effects generated by the 
switching on and off of the interaction are sufficient to 
put on mass shell a "pair" of particles, namely a real $- 
particle accompanied by a (des-)exciton of the detector: 



f: 



±B+fc«(e) 



(10) 



where /^^ ~ I-^'^'^ /(■'') e"^^/27r is the Fourier compo- 
nent of /(r). The Doppler factor is £,{9) = ^{1 — v.k/k) = 
7(1 — vcosO) E [e~'^,e'^], where v — ztanhi^ is the 
detector's constant speed, > is the rapidity and 
7 = l/Vl — v-^ — coshz/ the Lorentz factor. As specific 
examples, a co[counter]-propagating particle {9 — 0[n]) 
has ^ = e~'^[e^], a transverse particle {9 — ±7r/2) has 
^ = cosh I/. Note that only co-propagating quanta can 
undergo arbitrary small Doppler effects; this particular- 
ity will play an important role in the following. 

Before probing transient effects, we recollect that for 
a uniform coupling, /(t) = 1, the emission amplitude 
identically vanishes j. (x 5{E + k£{9)) = 0, whereas 
the absorption amplitude is non zero only at resonance 
A^_j.oz S{E-kC{9)). 

More generally, for any switching function, the emis- 
sion/absorption ratios are straightforwardly given by 



ri{E) 
r\E) 



E+kae) 



/e-.dx \fE+kx\^ 
j^-Ax \f-E+kx\^ ' 

/o°°dfc fc/Jl.dx \fE+kx\^ 
J^dkkJ^_Ax \f-E+kx\ 

/o°°dfc k l/g+fcl^ 
f^dkk\f-E+kf ' 



(11) 
(12) 



(13) 



where the velocity dependence explicitly vanishes in 
Eg. p^ since the integration over all the possible modes 
ensures the ratio to be a Lorentz invariant. 

Describing a cavity can obviously be done by choosing 
a gate function (for an extensive study, see e.g. p^). 
Thereby, it is foreseeable that abrupt boundaries gener- 
ate resonant effects that give extreme values to the am- 
plitudes, and consequently to the ratios. We address this 
issue for completeness but, since this discussion some- 
how lies out of the scope of this paper, we develop it in 
Appendix A. Our main conclusion is that perfect bound- 
aries should be discarded and switching functions have 



to be carefully chosen in order to avoid resonant effects 
and non-physical behavior of the amplitudes. 

As our aim is to understand the physics of uniformly 
accelerated detectors, note that a mere gaussian switch- 
ing function provides exactly a "thermal" answer in the 
inertial case: 



-ro)V2A2 



(14) 



which corresponds to a "temperature" 
[4A^fc^(0)]^^. If the gaussian function mimics ac- 
curately the intensity of the interaction, then A is 
roughly equal to its proper duration L/71; around tq. 
Therefore, this pseudo-temperature is expressed in 
terms of the laboratory's frame quantities and scales as 
sinh^ r///cL^^(6'). For given cavity length L and quanta 
wave-vector fc, counter-propagating or transverse modes 
coupled to sufficiently relativistic detectors provide 
Tg cx ^/L'^k, whereas co-propagating modes give a 
hotter component to the bath Tg cx 7^/L^A;. The latter 
is the consequence of the fact that only co-propagating 
quanta can undergo arbitrary small Doppler effects. 

When integrating over 0, the exact thermal fea- 
ture disappears since the temperature in Eq. (|14p is 
dependent. However, one recovers a pseudo-thermal 
behavior for high energies since 



eYi[K{E + fee'')] - eii[K{E + ke-'')] 
erf [A(£: - fee-'')] - erf [A(S - ke")] 



(15) 



behaves as e "'^ ^ when v and E are sufficiently 
large, namely E > ke" > fce^". (erf(x) = 
2 /o^dt e~* / y/iT is the error function.) The integra- 
tion keeps track of the hottest (co-propagating) modes 
and, therefore, the pseudo-temperature also scales as 
Tg (X ^'^ ll?k. Notwithstanding, any pseudo-thermal be- 
havior vanishes in the /c— integrated ratio since one ob- 
tains 

erf[Ai;])e^'^' 



9^1 — 



1 - ^IS.E{\ 
1 + 0FAS(1 + erf [AS] 



(16) 



which scales as ^ /{KEY fo'' large energies. 

We addressed this academic issue to reach the follow- 
ing statement: According to the last three equations, one 
would not conclude that inertial detectors in a gaussian 
cavity are thermally populated or that they undergo the 
Unruh effect. One would rather interpret Eq. lfM)) as a 
kind of artefact, noticing that Eq. p^ is just asymptot- 
ically thermal and Eg. p^ not at all. We will somehow 
apply a similar line of thought to uniformly accelerated 
detectors in order to reach the same type of conclusion. 

Before devoting ourselves to uniformly accelerated mo- 
tion, it is interesting to point out that in the previous 
study the choice of is irrelevant as long as t/ — r,; is 
kept fixed. This is obviously due to the fact that the 
Doppler shift is constant along the trajectory for inertial 
trajectories; this will no longer occur in the next sections 
when looking at uniformly accelerated motions. 
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IV. UNIFORMLY ACCELERATED LINEAR 
MOTION 



Uniform acceleration is undergone by world-lines that 

obey a^a„ = , ;f — —c?. When requiring that 

, dr dr 

the proper-time along the trajectory is oriented as the 



Minkowski time, one obtains, for instance, the hyperbolic 
trajectory x^(t) = (sinh(ar)/a, 0, 0, cosh(ar)/a). 

The emission and the absorption amplitudes are no 
longer trivially proportional to some Fourier components 
of /(r) but are given by: 



— in /■+°° 

J^A. — / j^^^ gi(±£;r+fc(l-cos6l)e°^/2a-fe(l+cose)e-"^/2a) ^^y-j 



A. The Unruh effect how Ea. p?|) can be re- written in terms of K modified 

Bessel functions [T5j. for any off-axis quanta (cos0 ^ 
First, we recover the celebrated Unruh result for a uni- obtain 
form interaction, /(r) = 1. In Appendix Bl, we reveal 



±,k 



-2ig 



„=F7r_E/2a 



2(27r)^fc 



cos ( 



1 — COS ( 



±iE/2a 



K. 



k sin 6 



±iE/a 



(18) 



Since Kii{z) — K-^{z) for any (y^ z), one finds that the 
emission/absorption ratio is given by 



u UA ^ -2TTE/a 



(19) 



When cos 9 = ±1, the emission and absorption ampli- 
tudes differ from Eq. ([18]) ; they are expressed in terms of 
Gamma functions. However, the final outcome is iden- 
tical, see Appendix B2, and on-axis quanta provide the 
Unruh result Eq. (fT9|) . similarly to off-axis ones. 

The main particularity of Eq. fTOl) is that it is inde- 
pendent of the nature of the particles created, both of 
the value of their wave- vector k, and of their direction 6*, 
although the detector possesses two dimensionful scales 
a and E and a preferred direction z. Indeed, Eg. p^ 
gT'TB/a X p(j^^ Therefore, the 
UA^u^UA-^ also reduce to the ther- 
From the constancy of these ratios. 



provides 



±,k 

other two ratios ( 
mal factor g-^'^^/'^ 



and when assuming the detailed balance principle, one 
finds that the energy levels of the system are thermally 
populated with temperature Tjj = a/27r0. Then, one 
deduces that a uniformly accelerated two-level detector 
feels the vacuum as if it was a thermal bath at tempera- 
ture Tjj. Note also that if we had taken photons instead 
of scalars, the index of the Bessel functions would have 
been replaced by 1 ± iE/a and Eq j[l9t would still hold 
since [K^{z € M)]* = K^. (z e R). (li 



B. Mimicking a cavity 

In order to mimic a cavity, one could impose abrupt 
boundaries as we did in Appendix A. However, we know 
that such a choice leads to pathological values of the ra- 
tios, liable to resonance effects. Therefore, we propose 
the following switching functionfl^]: 



f{r) 



-riie 



-V2e 



(20) 



Eg. ipn)) exhibits a plateau of value ^ 1 which begins 
around = In 771 /a and finishes around Tf = — In 7^2/0. 
The switching duration is a few 1/a, independently of 
the 77's in the 771772 <C 1 regime[l8|. Due to the hyper- 
bolic character of the uniformly accelerated trajectory, 
the movement points towards the increasing z for r > 
only, since v — tanh ar. Therefore, mimicking injected 
detectors in a cavity necessitates > <;4> 771 > 1. The 
exiting time is related to the length L of the cavity by 
cosh ary — aL + cosh ar^. Thus the condition 7/1772 ^ 1 
implies L ^ 1/a. The usefulness of Eq. (|20|) lies in the 
fact that this function is adjusted to the trajectory, since 
its only dimensional quantity is precisely the accelera- 
tion a. As a useful consequence, it preserves the ability 
to express the amplitudes in terms of the same Bessel 
functions: 
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■ arctan(fc^_/?7i)=p^ arctaii(/c_/?72) f Tji^ -\- hj^ 



2(27r)^fc 



X K. 



±iE/a 



a 

2x1/4. 



±iE/ia 



2x1/4 



62 



772^ + 

arctan(/c+/?yi )— ^ arctan(fc_ /r;2) 



(21) 



where k± = fc(l ± cos9)/2a. Detailed computations are 
shown in Appendix CI, where we also stress that Eq. ([20|) 
is not an arbitrary choice since it encodes the transition 
amplitudes analytical properties. 



Comparing Eq.([2Tl) with Eqs. (|18m9| ). one finds that, 
for any ofi'-axis process (fc+A;_ ^ 0), the emis- 
sion/absorption ratio is given by 



cav UA 

k 



2E 

a 



arctan 



fc(l 



cos b 
2a 



arctan 



fc(l - cos0)e 
2a 



aTf 



(22) 



Eq. (p2)) is one of our main results and calls for some com- 
ments. First, if one wants to retrieve exactly the Unruh 
result, the interaction has to be uniform, i.e. one has to 
take the double limit —^ — oo,t/ — *■ +oo. Both arctan 
tend to tt/2 and the amplitudes Eq. l|2T|) (resp. the ratio 
Eq. ([22|) ) give back the Unruh amplitudes Eq. (fT8|) (resp. 
the Unruh ratio Eq. p^ ). However, Eg. ip^ also allows 
to estimate the convergence to the Unruh ratio when the 
lapse At = tj — n becomes large. For instance, for 
transverse quanta, the relative correction with respect to 
Ea. ([TO)) behaves as 



cav^UA _ Uj,UA 

k k 

Uj.UA 
k 



8E 



cosh 



.(23) 



We believe that the exponential decay with respect to 
the proper lapse is generically reobtained after resum- 
mation over all the possible modes. Indeed, At is the 
only Lorentz invariant of the problem and boosts along 
the uniformly accelerated motion correspond to proper- 
time translations. Since we chose the switching function 
(PO)) such that it preserves the mathematical properties of 
uniformly accelerated physics, this property should still 
hold. Moreover, a similar exponential decay to the per- 
fect Unruh picture has already been found in a closely 
related previous work (see Eqs.(47) and (55) in [l7|). 

Second, the cautious reader may wonder why the limit 
Ti Tf does not provide a trivial result. The answer lies 
in the fact that Tij = ±ln77i^2/a reliably represent the 
switching on and off times only in the limit Tf — Ti 3> 1/a, 
see [III. 



Third, Ea. ([22|) means that the pseudo-temperature 
obeys 



n 



(24) 



T.'^Y = arctan [fc(l± cos 6i)e=F'^^' V2a]j (25) 

Hence, the pseudo-temperature is always larger than the 
Unruh temperature. This enhancement is due to the fact 
that mimicking a cavity induces transients that "over- 
heat" the detector, contrary to the Unruh picture whose 
temperature is generated by steady-state coherent pro- 
cesses. This interpretation goes with the results found 
by looking at the non- vanishing Rindler flux during such 
processes [8]. We refer again to a "pseudo-temperature" 
since, contrary to Eq.((T9]), T™" depends on fc, which pre- 



vents from recovering thermal expressions for r^^ and 



MA 



as we saw in the inertial case, Eas. (|15lir51) . 



Fourth, a noticeable feature of Eqs. (|24ll25)) is that 
the pseudo-temperature is unbounded from above in the 
fc ^ limit since it scales as T^°" cx [a'^/{{l + cos 9)/rji + 
(1 — cos9)/'q2)\/k. However, one can legitimately ques- 
tion the meaning of considering extremely large wave- 
lengths in finite size cavities. Indeed, one should expect 
only a subset of modes to survive in a cavity. In order to 
describe how the spectrum is modified, let us use the am- 
plitudes WKB expressions (see [1, [H, [Ml for various 
applications of this method). By inspecting Ea. ((T7| us- 
ing Eq. (j20p for transverse quanta, the integrand presents 
a saddle time which obeys Re(aT*(fc)) ~ ln(_E/fc) in the 
?7i > 1,771772 <SC 1 regime. Therefore only the modes such 
that < Ti < Re(T*(fc)) < Tf are allowed within the 
cavity. This reduces to 

^ ' ^ (26) 



_<A<1 

2aL ^ E 
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which we illustrate in Figs.([T]) and ([2]) by computing 
the energy density for the de-excitation process h = 
^cavjjjAj2^ By extending the size of the cavity, one al- 
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FIG. 1: The energy density h (arbitrary units) as a function 
of log\Q(fc/a) for different values of logiQ(aL) (as marked). 
The gap is E/a = 5 and the switching on time corresponds 
to rji = 2. 
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FIG. 2: The energy density h (arbitrary units) as a function 
of log]^g(fc/a) for different values of logjQ i]i (as marked). The 
gap is E/a = 5 and the cavity length is i = 10*^/a. 

lows the long wavelengths to be created. However, since 
Ti > 0, only k < E modes are allowed in any case. All 
modes can participate if one allows the detector to "come 
and go", i.e. if Tj — > — oo. 

For a mode-blocked cavity, when considering off-axis 
quanta, the value of this pseudo-temperature is dictated 
by transient effects, i.e. by the switching times Tij. We 
illustrate the dependence of with respect to t; and 
L in FigS-dS]) and dH). 

From Eqs. (|24j|^ one learns that the "temperature" is 
always larger than the Unruh value because of the switch- 
ing effects. However, a greater enhancement of the ratios, 
independent of k, has been claimed in the literature; the 
corresponding situation is the subject of the next section. 




FIG. 3: The ratio 



l/27 



as a function of ari for different val- 



ues of k/2a (as marked). We consider mode-blocked trans- 
verse quanta (6* = 7r/2) and a fixed cavity length L — 10/ a. 
When Ti oo, /3i — > and r/ — » oo causes /3/ n/a in 
Ea. (|24|l which explains why ^^^^ 2. In all cases, the 
pseudo-temperature is higher than the Unruh temperature. 
It can be arbitrary high for small mode energies k and early 
switching on times n. 




FIG. 4: The ratio 



i/2t 



as a function of aL for different values 



of fc/2a (as marked) when 6 = n/2 and r,; = 0. When L —* oo, 
Pf and (3 —> f3i in Ea. (|24|l . In all cases, the pseudo- 
temperature is higher than the Unruh temperature. It can be 
arbitrary high for small enough mode energies k. The always 
decreasing character of T'^°'^[L) can be understood directly 
from the fact that /3/ is an increasing function of r/, therefore 
of L. For very large cavities, the pseudo-temperature tends 
to l//3i = a/2 arctan(fc/2a). 



V. SEMI-INFINITE CAVITY 

In this section, we focus on the physics obtained when 
accelerating a detector from a given initial moment Ti and 
for a long time r/ — ^ 1/a, \/k. This situation 
is formally obtained by putting 772 to zero, while letting 
771 take any value larger than unity. 

It has been claimed by Scully et aL [ll|j 113, [3 that, by 
putting accelerated atoms in a single-mode cavity, a sig- 
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nificant enhancement of the "radiation" is produced such 
that the emission/absorption ratio becomes ajl-KE <C 1 
instead of the thermal Unruh factor e'^'^'^E/a ^ 
would like to comment on this, with the help of our pre- 
vious expressions. Hu and Roura[21,] contested such a 
result by arguing that this great enhancement appears in 
a regime in which the acceleration no longer plays a cru- 
cial role. However, they did not give any explicit proof to 
support this claim. The answer provided by the authors 
of [11[ to this objection is that the ratio being propor- 
tional to the acceleration, the latter quantity can hardly 
be called unrelated uM- We want to remark that, in the 
treatment of [Hi [i2,Tl3] , apart from fc, which is chosen to 
be much larger than the acceleration a and the energy E, 
the latter two values are the only dimensional quantities. 
Therefore, any final a-dimensional outcome must depend 
on a/E. 

According to us, the very expression = ajlixE is in 
no way a brand new cavity-induced Unruh effect. There 
are several (related) reasons for this. 

1) Such a value of the ratio means a strongly 
energy-dependent expression T ~ E j \vl{2-kE j a)^ which, 
hence, can hardly be called "temperature". As a 
comparison, such is not the case in the so-called 
"circular Unruh effect" [13, [l^, [2^ , which provides 
a poorly E'— dependent temperature T = ii'/ln(l -I- 
4\/3e2^^/°i;/a) g [a/4v^, a/2\/3]. 

2) It is difficult to understand how the presence of a 
cavity can transform a situation for which all the de- 
tectors undergo the same thermal process (the original 
Unruh effect) into a picture that describes a detector- 
dependent and cavity-independent response, since T de- 
pends on E and not on the cavity characteristics. [25j 

3) Finally, a/inE is not at all a maximal value of the 
emission/absorption ratio, as we reveal by examining the 
precise consequences of the Doppler effect in the same 
situation as studied in [ll[, that is when 9 — Q. 

The emission/absorption ratio for co-propagating 
quanta in a semi-cavity is 



Eq. p7|) also addresses point 3). When "waiting" 



enough, i.e. when assigning large values to r^i 



with 



s.cav UA 
k 



AE 

arctan(Ke 

a 



7«) 



(27) 



(This result is not trivially obtained from Eg. ((22)) since 
the latter contains the expression k^/rj2 where both fc_ 
and 772 are formally vanishing for co-propagating quanta 
in semi-infinite cavities; details are provided in the Ap- 
pendix C2.) Note that, in the limit of uniform coupling, 
Ti ^ — 00 ?7i — > 0, one recovers the Unruh result since 

k ^ 

Eq. (l27|) does not suffer from problems 1) and 2) since 
the pseudo-temperature T" '^"''" = a/4arctan(fce~°'^'/a) 
is energy- independent and cavity-dependent. More pre- 
cisely, the ratio does not depend on the lapse during 
which the interaction lasts (since it is infinite) but on 
the moment when it begins, through the value of the 
parameter ryi: this is a straightforward signature of the 
transients undergone at the entrance of the cavity. 



respect to unity, the emission/absoption ratio can be put 
as high as one wishes while preserving r < 1. Since v — 
tanh ar, requiring large values of 771 = y^{l -\- Vi)/ (1 — Vi) 
is equivalent to injecting the detector with a higher ve- 
locity in the cavity, i.e. large 7i's. In this case, the 
pseudo-temperature T* '^'"' oc jiu'^/k is proportional to 
the square of the acceleration, and, as a sign of its 
non-adiabatic origin, to the Lorentz factor at the en- 
trance of the cavity in the high ji regime. Therefore, 
a/2-KE is just an intermediate value obtained for some 
initial time n{r = a/2nE) ~ In [ikE/a'^ln{2TrE/a)] /a, 
and constitutes in no way an upper limit for since 
the latter takes, as a function of t^, all values between 

g-4£;arctan(fc/a)/a g^^^ Fig.®. 




800 1000 



FIG. 5: The ratio "■"""r^^ /{a/2-KE) for co-propagating 
quanta as a function of the Lorentz factor at the entrance 
of the cavity 7^ = cosh(aTi) when k/a — 100 and for different 
values oi E/a (as marked). All curves go beyond unity at one 
point, depending on the values of k/a and E/a. 



The precise value of Ti(r — a/2T:E) depends on our 
model, that is, on our choice of the switching function 
Eg.ipOl). Had we chosen another /(t) that allows ana- 
lytical expressions, we would have found another value 
of it 27[ . However, the effect itself, that is the Doppler 
boosted transient enhancement, is a common feature for 
all (gate-like) /(r). In order to grasp the reason why 
n{r = a/2-KE) = in [uj, [H [13], note that their 
model is made out of abrupt boundaries (i.e. perfect gate 
switching functions that we know to be pathological af- 
ter Section II and Appendix A), and approximated in- 
complete Gamma functions. Concerning the absence of 
Ti— dependence in the ratios found in [ll|, [l^, [l3|, one 
should notice that the authors chose to get rid of the two 
boundaries dependence in two different ways: by putting 
T/ = -l-oo as we did, and by assigning = a pri- 
ori, which obviously masked its effect. Therefore, as we 
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already pointed out, their final ratio could not depend 
clearly on any undergone Doppler effect at the entrance 
of the cavity. 

What is important is to notice that the main quan- 
tity that drives the value of the emission/absorption ra- 
tio for co-propagating quanta is the (exponentially small) 
Doppler effect exerted on emitted quanta at the onset of 
the interaction. The later the switching on, the smaller 
the Doppler factor, the more red-shifted the emitted 
quanta, the hotter the detector, and the larger the emis- 
sion/absorption ratio. 

Finally, note that the preceding results are consistent 
with what we learned in Section III. Indeed, by look- 
ing at co-propagating quanta for a ultra-relativistic con- 
stant speed detector in a gaussian cavity, we found that 
Eg. p^ provides the pseudo-temperature cx j^/L'^k. 
Knowing that the undergone effect is due to the switch- 
ing and not to the cavity length, and that both switch- 
ing duration and interaction size L/jv scale as A 
when choosing a gaussian profile, one can rewrite the 
pseudo-temperature as oc j/r'^k. Now, noticing that 
the switching time Tg is precisely 1/a in the acceler- 
ated casefisf. T"*-™" oc ^iO? /k can also be rewritten as 
rps.cav ^ ^^y'^2^_ Therefore, the generic expression relat- 
ing the pseudo-temperature Tk of a detector sensible to 
co-propagating particles of momentum k, to the Lorentz 
factor at the entrance of the cavity 7s , and to the proper 
switching lapse t^, can be obtained similarly for the in- 
ertial and the uniformly accelerated case in the high 7s 
regime: 

Tfe cx 7s/T2fc (28) 

Eq. ipS)) prompts to follow Hu and Roura when they 
state "when the emission is dominated by non-adiabatic 
switch-on, the acceleration no longer plays a crucial 
role"[2i|. 

VI. CONCLUSION 

A quantum system that undergoes linear uniform ac- 
celeration in vacuum perceives a thermal bath at the Un- 
ruh temperature a/27r[2|- If this system is bound to in- 
teract with the surrounding quanta in a finite size cavity, 
one expects the picture to differ from the original freely 
propagating one. Indeed, if the cavity is a closed rigid 
box, the configuration of the vacuum itself is different, 
because of the Casimir effect [IHl- Moreover, entering the 
cavity, or equivalently switching on abruptly the interac- 
tion, is a non-adiabatic process that alters the transition 
amplitudes drastically. In order to treat this problem, 
one can choose to consider "smooth" boundary condi- 
tions by switching the interaction progressively on and off 
along the trajectory with the help of a gate-like function 
/(t) that enters in the Hamiltonian expression, Eq.(l2]). 
This was our choice along the present paper. This way, 
the definition of the vacuum and the particle states stay 
unmodified with respect to the free case, one can use the 



interacting picture and focus solely on the switching ef- 
fect. The slope of /(r) is an estimate of the switching 
non-adiabaticity and the transition amplitudes vary ac- 
cording to the interplay between the detector gap E and 
the Doppler-shifted quanta energy fc(l ± cos 0)e*'''^/2. 

The main results of this paper are Eqs. ((22|) and 
P7ll28p . They are obtained by introducing a simple 
switching function ()20|) that enables analytical expres- 
sions throughout. The first equation gives the emis- 
sion/absorption ratio for any off-axis quanta, in a cav- 
ity that a uniformly accelerated detector enters at and 
leaves at t/. When these times are repelled at infinities, 
one recovers the Unruh result, that is, a fc— independent 
thermal ratio. Otherwise, the ratio depends on the 
quanta momentum, and the pseudo-temperature we ob- 
tain is always greater than the Unruh temperature. It is 
hardly acceptable to keep on calling this behavior "Unruh 
effect" since neither thermality is achieved nor uniformity 
of the coupling is respected [27]. 

The same conclusion applies to the result ([27|l which 
concerns co-propagating quanta in semi-infinite cavities. 
Contrary to the sole value = a/2'KE which has been 

proposed in the literature [HI [13, [l^, we find again that 
the situation is only pseudo-thermal: Provided the detec- 
tor enters the cavity late enough {i.e. with a sufRciently 
large velocity), the pseudo-temperature is increased as 
much as one wishes beyond the Unruh temperature, see 
Fig.®. 

Finally, Eq. (|^ shows that the pseudo-temperature is 
formally independent of the acceleration since its expres- 
sion applies as well to inertial trajectories in some cavi- 
ties. 

Moreover, one can learn two technical lessons from the 
present work that may be applied to the experimental 
study of the Unruh effect First, abrupt boundary 
conditions are a dangerous choice since they lead to arte- 
fact amplitudes that provide extreme values of the emis- 
sion/absorption ratio (see Appendix A); smooth switch- 
ings are more advisable although their structure has to 
be well-defined. In the picture proposed in 29], it means 
that one should have the undergone acceleration precisely 
known around the selected nodes of the electro-magnetic 
pattern in order to foresee the emitted radiation. Sec- 
ondly, one should treat with extra care co-propagating 
quanta since they experience the most extreme Doppler 
effects (see Appendices B2 and C2). For instance, one 
could avoid such problems by mode-blocking only trans- 
verse photons [soj. 
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APPENDIX A: GATE AND SMOOTH GATE 
SWITCHING FUNCTIONS IN THE INERTIAL 
CASE 

1. Gate function 

Mimicking a cavity of length L for a detector travelling 
at speed v means that /(r) has to be extremely small 
outside [Ti,Ti + L/^v] and nearly 1 inside. 

If we suppose that the interaction is strictly uniform 
inside the cavity and totally vanishes outside, the in- 
teraction is described by the pure gate (G) function 
/(^(t) = 0(t — Tj)0(ry — r), which straightforwardly pro- 
vides 



{SG) and its Fourier components: 



fsair) 

SG f 



— I tanh — - — - — tanh 
2 \ I 

S sin (tj At/2) ^,^(^rf+T,)/2 
2sinh (7rcj(5/2) 



(A4) 
(A5) 



S is the typical lapse during which the interaction is 
switched on (around r^) and off (around r/); between 
Ti and Tf, /(r) ~ 1, outside this interval it is exponen- 
tially small; when (5 — > 0, one recovers the gate function 
(and Eq. (|A5|) tends to Eq. (|Al[) ). Using this function, the 
emission/absorption ratio is given by 



_ sin (wAr/2) ^^„(^^+^^)/2 

TTIV 



and 



G I 
k 



sine [(£; fc^(6l))Ar/2] 



sine [{E ~ fc^(6l))Ar/2] 



(Al) 



(A2) 



where sinc(a;) = smx/x is the cardinal sine and At = 
Tf — Ti = L/^v. Therefore, for detectors such that their 
gap satisfy {±E + k^{e))AT = 2™, n & N* , the ratio 
^rl is zero (respectively infinite). This seems to mean 

that, given E and according to the values of fc, L and v, 
an ensemble of detectors can be either altogether in the 
lower state or excited when leaving the cavity, at least at 
the first order in the perturbative expansion. These res- 
onant energies do not exist any longer when integrating 
over 6 since '^rj, is always finite: 



a I _h[{E + ke'')AT] ~ h[{E + ke-'')AT] 
~ h [{E - fce-'')AT] -h[{E- ke'')AT] 



(A3) 



with h(x) — (cos(x) — l)/x + Si(x), where Si(x) 



SG I — G I y 



sinhc [K[E~kS^{e))5/2] 



sinhc [t:{E + ki{6))5/2\ 



(A6) 



where sinhc(x) = smhx/x is the cardinal hyperbolic sine. 
One clearly sees that ^^rL also exhibits vanishing and in- 
finite values since the periodic zeros and poles of '^ri are 
not compensated by the non-periodic multiplying factor. 
However, the entirely integrated ratio ^'^r^ is finite and 
always less than one, as shown in FigEl With this re- 



. 6 



. 4 




is the Sine Integral. As h{x) is a mono- FIG. 6: The ratio ^'^r' as a function of E when Ar = 10 and 



tonic increasing function, neither the denominator nor 
the numerator of Eg. ljASp can vanish. However, '^r^ can 
still take values above 1. Finally, the integral expression 
of ^r^ is diverging in the UV limit [sH . From this we 
learn that a perfect gate describing a cavity with abrupt 
boundaries is a pathological choice that leads to resonant 
effects, even in the simplest case of an inertial trajectory. 
A fortiori, such a choice should be avoided for more com- 
plicated world-lines. 



2. Smooth gate function 

In order to avoid such effects one can describe the cav- 
ity by smoother boundaries. We show that, in this case 
too, a great care has to be taken. To this end, let us 
generalize the gate function and introduce a smooth gate 



for different values of the switching lapse 5 — 0.01 (plain), 
5 = 0.1 (dashed) and 5 = 1 (dashed dot). The ratio is always 
below 1 and decreases to as expected. Moreover, the shorter 
the switching time, the higher ^^r' . This is the signature of 
transient effects. 



spect, one realizes that even a smooth interaction can 
lead to suspicious expressions for some specific wave- 
vectors, but that resonant effects may disappear after 
integration over 9 and k. This example also tells us that, 
for fixed cavity and quanta properties (same L and ^), 
the corresponding ratios differ significantly while varying 
the switching 5. 

The conclusion of this appendix is that one should be 
extremely careful when modelling a cavity: one would 
better avoid abrupt boundary conditions, of course, but 
one should be aware that even smooth switching func- 
tions can generate pathological ratios. 
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APPENDIX B: THE UNRUH AMPLITUDES 

In this appendix, we explicit how the amphtudes are 
obtained when the detector is uniformly accelerated and 
uniformly coupled to the field, i.e. /(t) = 1. 

1. Off-axis quanta 



Let us focus on the co-propagating emission amplitude 
expression: 



1 fk 



a \a 

1 n 

a \ a 



iE/a 



■IE / a />2oo 
-TrE/2a 



l-iE/a g-y 



According to Eq. P?|) , the emission and absorption am- 
plitudes are proportional to the following integrals: 



/+ = 



+ 00 



J{±ET + ki^^£2!±t 



(Bl) 



One can check that this expression is convergent by 
making the change of variables t = e""^. One gets 
/~d< t-i±»^J/'ie*'=-*-*'=+/*. The behaviors at both lim- 
its are of the same nature (it can be seen by changing t 
for t' = 1/t). The oscillatory exponential term ensures 
convergence for t ^ oo [e.g. as for a Cosine Integral). 

When using x — ar ~ a and k± = kil ± cos9)/2a one 
gets 



/+ = 



-\-oo — a 



dx 



X e 



— OQ — Ct 

i{:tEx I a+A;_ e"e^— fc-j-e~'^e~^) 



a V 1 — cos ( 

f +00 — 27r /2 

X / dy e~ 

-oo — 27r/2 



'±iEy/a 



where the second expression is obtained by choos- 
ing the parameter a such that a = i7r/2 + 
In \/ (l + cos6')/(l — cos 6*), and noting z = ^/k^Jt^ = 
k{sme)/2a, 

By contour integration, one can show that the last in- 
tegral can be dragged upon the real axis since it possesses 
no pole and the boundary terms vanish. Therefore, the 
amplitudes are mathematically well-defined and, since 
2K^{2z) = C^dy f,-ze-y-zey+uy ^ j^^^^^ > gg^g 

Eq.dlll). 



2. Aligned quanta 

According to Eg. p?)) . the relevant integrals for the on- 
axis quanta differ if we consider the creation of a co- 
propagating (p.) quanta or that of counter-propagating 
(c.p.) ones: 

jp. ^ l^°°^^^.{±Er-ke^-^/a) 



jc.p. 



+ 00 



dr e'(±^-+S^"^) 



where we used x = fce~°'^/a to obtain the second inte- 
gral and y — e^^/'^x to obtain the third one. Contrary to 
the off-axis case, one can see from the second formula- 
tion above that this integral diverges in the x —^ limit. 
A way to cure this divergency is to replace —iE/a by 
—iE/a -\- S, where S is any small positive constant. Let 
us see in details how it should be done. The third integral 
is the limit of 



dy y 



-l-iE/a g-y 



Jo 

' dy y-^-^^l- , 



for e ^ and R +oo, where the right-hand side has 
been obtained by contour integration. When extending 
analytically the properties of the energy into the complex 
plane, and requiring that E = E + iaS, < J <C 1, one 
obtains the following behaviors for the right-hand side 
of the preceding expression. The first term behaves as 
_R_^^T^E/2a _j, Q ^j^gj^ i? ^ cx); as we pointed out, the 5 

term is not mandatory for the large modulus convergence. 
The second term behaves as e*^ (e^^/^'^ — 1) ^ when 
e — > 0, thanks to the decaying term. Finally, the last 
term tends to T{—iE /a -\- S) since the Gamma function 
is defined by r(a;) = J^dt i-^+^e"*, Re(x) > 0. 

The integrals involved in the other amplitudes are 



c.p. 



TP- _ 







a 






it 


a 








a 





-iE/a 



-lE/a 



iE/a 



^-nE/2a I y-l+iE/a ^-y 



^7TE/2a I y^l+iE/a ^-y 



— zoo 



^TTE/2a 



e / dyy 



-l-iE/a g-y 



and suffer from the same divergency as . By requiring 
that E = E ± iaS, < (5 <C 1 respectively for co- and 
counter-propagating quanta for the emission amplitudes 
(and inversely for the absorption amplitudes), one can 
have e ^ and R — > -l-oo and write down the expression 
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of all amplitudes 



±,k 



19 



1 fk 



±iE/a-5 



;.p. aUA 



Given that [IE 



— jg 1 /fc 
2(27r)^fc 



(B3) 



r{ia + S)* = T{-ia + S) , 
we find the celebrated Unruh result : 



k 



p.jj^UA 

+ ,k 



-,k 



i.p.j^UA 
+ 1 



i.p.j^UA 



(B4) 



p.j^UA I c.p.j^UA 

+ ,k +,k 



p. j{UA I c.p. J\^UA 

-,k -,k 



independently of 8, although the (5^0 limit has not 
been taken. 

Note that conventionally, the limit 5 is taken 
and the amplitudes involve a mere r(±ii?/a) term in 
the literature. However one should remember that, if 
this expression mathematically exists for example as the 
ratio r(l ± iE/a)/(±iE/a), or as a series representa- 
tion, it does not as the integral representation r(z) = 

Note also that the p. (resp. c.p.) above amplitudes are 
the cos 61 1 (resp. —1) limit of the off- axis amplitudes 
Eq. ljlSp . when using the small argument behavior of the 
Bessel functions [TBI] 2 K„{2z) ~ zT{-i') + z-Tiv) and 
the same S prescription. 



APPENDIX C: THE MODIFIED AMPLITUDES 

In this appendix, we explicit how the amplitudes are 
obtained when the detector is uniformly accelerated and 
coupled to the field via the function Eq. (|20|) . 



where we used x = ar — a. By choos- 
ing the parameter a such that e^" = {rji + 



(B2) ^fc+)/(r,2-^fc-), i.e. a ^lii^{r]i^ + k+^)/{r]2^ + k^^) + 



^ arctan(fc_|-/77i)-f-| arctan(fc_/ry2)7 and noting z ~ (?7i + 

A:4.^)^/^(772^ + fc_2-jl/4gf (arctan(fe+/?7i)-arctan(fe_/?)2))^ Qj^g 

obtains 



1 



a \ ^.2 
X e 



±iE/4a 



+00 — a 



dy e 



''±iEy/a 



ri2 -r ro- / J -00-a 

=p ^ (arctan(/e+ /?7i )+arctan(/e_ /V2)) 



Once again, the remaining integral can be dragged on 
the real axis and therefore one obtains Eg. ipT]) . Inter- 
esting is to remark that rji and 772 of Eq. (l20|) actually 
also define the analytical content of k±, as one can see 

, ^ fc_ -I- ir]2. On the 



fc4 



in Eq.dCH): fc+ 
top of the trivial crossing symmetry relation A-{—E) = 
A+{E), one has the additional 771; fc_, 7^2) = 



''"Alj.ik.,r,2;k+,7n)V 



This ensures that the pair- 
creation process is invariant under time-reversal, defined 



as 9 



9 and t. 



2. Aligned quanta 



Before computing the corresponding expressions, we 
would like to focus on the fact that the rapid decay of 
the switching function Eq. (|20)l ensures the convergence of 
all expressions. Therefore, contrary to the everlasting in- 
teraction case, the expressions will not involve ill-defined 
Gamma functions but well-behaved Bessel ones. Never- 
theless, taking the limit iji —^ or 772 will inevitably 
lead to incoherences, as we shall show. 



1. Off-axis quanta 

In the case of off-axis quanta, the method is equivalent 
to the one we expounded in the uniform coupling regime. 
The integrals to be expressed are 

/ + OC- 
-00 

^ gi(±£;r+fe(l-cos e)e°^/2a-fe(l+cos 9)e~''^ /2a} 

= / Ax 

diiEx /a—{'q2 — 'ik-)e°' — {7}i-\-ikj^)e~°' e~^) 



(G2) 



Let us focus on the co-propagating quanta. The rele- 
vant integral is 



H-oo 



dr e 



J{±Er 



7a) 



(G3) 



which is simply the expression Eq.jCTj) when 9 — 0. We 
can blindly apply the same method as before to all the 
amplitudes, noting the corresponding results by an over- 
alP: 
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2ig 

(2^) 



''2(27r)^fc 



Let us compute the emission/absorption ratio from the 
previous expression. Since Ki,{z) — K^^{z) for any 
(z/, z), the Bessel functions for emission and absorption 
are equal and the ratio is given by 

p.~UA — ^ arctan(fc/ar;i) 

(C5) 

First, note that the co-propagating ratio does not seem to 
depend on the end of the interaction. This comes from 
the fact that the corresponding Doppler factor patho- 
fogicaUy vanishes. Secondly, this ratio tends to ^^^^1°- 
when the switching on times is sent to — oo. This is the 
square root of the Unruh result one should recover. How- 



ever, we know already from the previous appendix that 
the co-propagating integral representation is ill-defined if 
the switching off time is sent to infinity. Therefore, al- 
though ^ r does not seem to depend on r/2, one can not 
take the limit 772 —> safely. This can be seen by re- 
marking that the argument of the Bessel functions tends 
to zero in this case. If one wishes to recover the Unruh 
limit by sending the time limits of the interaction to in- 
finity, one has to remember that an imaginary part has 
to be given to the energy to make the integrals conver- 
gent. The r\2 limit causes the argument of the Bessel 
functions to be small. Therefore, thanks to the relation 
2K^{^2z) ~ r(-j/) + z-" r(j^) for smaU z, one finds 



±,fe 



-«5 



r]2-*0 



[rjl -I- /(j2-j±i£;/4a-5/4^T«-E/2a+5/2^=p^arctan(fc/a,,i)-i:|arctan(fe/a,,i) 

a\l2{2T:fk 

X '(77? + fc2/a')^^^/^°-*/\2^'''/'""*/'eT^ arctan(fc/a^i)-«| arctan(fc/ar,i ) Y{-^iE/a + ,5) 
+ {r-jl + P la'^yf iE/ia+S/i^^iE/2a+S/2^±E_ arctan(fc/a7,i arctan(fc/aj,i ) Y{±iE /a - 6) 

a^j2{2Trfk 

X (77^ + fc2/a2-j±i£;/2a-(5/2g=Ff arctan(fc/a?7i)-i5arctan(fc/a?ji) Y{^iE/a + S) 

-■ig 

a^2(27r)^fc 

(77^ + fc2^^2^±i£;/2a-<5/2g=Ff arctan(fe/a77i)-i5arctan(fc/aJ7i) Y{^iE/a + 6) 

I 



(C6) 



Thus, for any rji and for 772 ~ 0, the ratio is given by 



AE 

arctan(fc/a77i) 

P'r- — e a 

k 



(C7) 



771 limit for Eq. (|C6p provides the Unruh amplitude 
Eq. (|B2)) as the ratio tends to e"^. Obviously, 

the same results are obtained for the counter-propagating 
amplitudes, where the roles of 771 and 772 are exchanged. 



independently of the S. One easily can check that the 
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